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SYNTHETIC APERTURE RADAR IMAGE
FORMATION SYSTEM AND METHOD

FIELD OF THE INVENTION

This invention relates generally to synthetic aperture radar,
and more particularly to forming high quality images from
saturated data.

BACKGROUND OF THE INVENTION

Inverse Problems

The study of inverse problems is a well-established disci-
pline with several applications in a variety of fields, including
signal processing and synthetic aperture radar (SAR) sys-
tems. The theory of inverse problems examines when and
how a function can be inverted to infer the input from the
output of the function. Such problems are abundant in signal
acquisition and processing systems. The formulation of these
problems as inverse problems has produced significant results
in the areas of image de-noising, de-blurring and super-reso-
lution.

A common inverse problem in signal processing is the
recovery of a signal x from a set of measurements y,

y=A@)+n, M

where the function A models the acquisition system, and n
represents noise. The goal of the reconstruction process is to
determine a signal estimate X that is close to the signal x.

If the acquisition function A is invertible and the noise is
negligible, an obvious choice is to use the inverse of the
function A to determine x. However, that method can fail if A
is not injective, i.e., the data can be explained by multiple
signals, or if there is substantial noise. A more general
approach is to estimate x by minimizing the following cost
function

& = argmin f(y, A() +Ag(x), @

where f(¢, *) is a cost function measuring data fidelity accord-
ing to the properties of the acquisition system and the noise,
g(x) is a regularizer that incorporates knowledge about the
properties of the signal of interest and penalizes unwanted
solutions, and A controls the trade-off between the two terms
in the cost function. The formulation in Eqn. (2) offers flex-
ibility in accommodating a range of acquisition scenarios and
signal models.

In the special case where f(y,A(x))=|ly-AX)||, 2(x)=0, the
function A is linear, and the system is overdetermined, the
solution to Eqn. (2) uses a pseudoinverse function AT. The
pseudoinverse is also the solution when the system is under-
determined and g(x)=[x|,, i.e., a least-energy solution is
desired.

SAR Image Formation

The formation of SAR images can be formulated as an
inverse problem. Specifically, the ideal SAR acquisition pro-
cess can be viewed as a linear system, i.e., an instance of Eqn.
(1), wherein x represents a two-dimensional (2-D) image of
surface reflectivity, y represents the received signal, and the
function A is linear.

Henceforth, A is used to represent a linear acquisition
function. The received signal y is usually arranged in a 2-D
form similar to the SAR image. Samples of each reflected
pulse can be thought of as forming a row vector, with different
reflected pulses stacked together to form a matrix of data. To
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emphasize that the function A is linear, we use the notation Ax
to denote the application of function A(*) on the ground signal
(image) x. Ax can be considered as a matrix multiplication
when we rearrange X in one single column vector instead of a
2D image.

Each row of the data matrix y corresponds to a different
position of the acquisition platform along its path. The dimen-
sion along the path is referred to as the azimuth. Each column
corresponds to a delay from the transmission of a pulse.
Because the delay is proportional to the distance the pulse has
traveled, this second dimension is referred to as the range.

Several known image formation procedures can be inter-
preted from the viewpoint of inverse problems as determining
approximations to the pseudoinverse function AT. The
approximations enable efficient implementations to estimate
the SAR image x. For example, many procedures rely on
pulse compression, which refers to the approximate decon-
volution of the received signal through correlation with the
transmitted pulse. The correlation can be made highly effi-
cient by using a Fast Fourier Transform (FFT). Pulse com-
pression corresponds to the exact inverse, at least within the
bandwidth of interest, if the received pulse is sampled at the
Nyquist rate, and corresponds closely to the pseudoinverse if
the received pulse is slightly oversampled, which is usually
the case in practical SAR systems.

One of the most widely used image formation procedures
is the Chirp Scaling Algorithm (CSA), Runge et al., “A novel
high precision SAR focusing algorithm based on chirp scal-
ing,” International Geoscience and Remote Sensing Sympo-
sium (IGARSS), May 1992, pp. 372-375, incorporated herein
by reference.

As shown in FIG. 1, an azimuth FFT 110 is applied to an
input signal 101, followed by chirp scaling 120, a range FFT
130, range compression 140, a range IFFT 150, chirp scaling
160, azimuth compression 170, and an azimuth inverse FFT
(IFFT) 180 to produce an output signal 109.

The chirp scaling approximates a time-varying delay of a
linear chirp signal by means of multiplications with two other
chirp signals. Chirp scaling is used in the CSA to correct for
range migration, the variation in distance to a given target,
and hence an associated delay, caused by the motion of the
acquisition platform. The CSA is very efficient due to its
composition in terms of FFTs and multiplications only. For
this reason, CSA forms the basis for our method of determin-
ing the acquisition function and its adjoint as described
below.

Saturation and Inverse Problems

Saturation of data values is a significant problem in SAR
signal acquisition because of large fluctuations in data ampli-
tudes and the use of low-precision quantizers. Conventional
image formation methods, such as the CSA, usually do not
address data saturation specifically.

Signal saturation is a very common problem encountered
in analog-to-digital (A/D) conversion systems because elec-
tronic components have a finite voltage range beyond which
the signal amplitude is not allowed to vary. In addition, quan-
tizers use a finite number of quantization levels. If the
acquired signal amplitude varies beyond saturation threshold
values =T, then the acquired amplitude saturates to +T.

Although saturation on its own is undesirable, in the pres-
ence of severe quantization, saturation can be beneficial. Spe-
cifically, increasing the gain of the signal and promoting
saturation also increases the signal-to-quantization noise
ratio in the unsaturated measurements. If the saturation is
appropriately taken into account, overall reconstruction per-
formance can be increased.
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The most common approach to handling saturation, i.e.,
using the saturated values at face value in the reconstruction
as if no saturation occurred, produces severe artifacts. The
reconstruction error can be reduced using a consistent recon-
struction approach, i.e., ensuring that the reconstructed signal
estimate produces the same saturation if re-acquired. Consis-
tent reconstruction significantly improves the reconstruction
error when used with quantized and saturated measurements.

SUMMARY OF THE INVENTION

According to embodiments of the invention, the formation
of synthetic aperture radar (SAR) images is formulated as an
inverse problem. The embodiments of the invention increase
the quality of the SAR images when there is data saturation,
specifically by optimizing a one-sided quadratic cost function
to provide consistency with the received data. The SAR
acquisition process is modeled using a linear function. The
function is efficient to implement and can be used together
with its adjoint in an iterative optimization process. The
method controls azimuth ambiguities and incorporates image
models to enable reconstruction from saturated SAR data.

BRIEF DESCRIPTION OF THE DRAWINGS

FIG. 1 is a block diagram of a conventional chirp scaling
algorithm;

FIG. 2 is a block diagram of an acquisition function used
for synthetic aperture radar image formation according to
embodiments of the invention; and

FIG. 3 is a flow diagram of a method for reconstructing a
SAR image according to embodiments of the invention.

DETAILED DESCRIPTION OF THE PREFERRED
EMBODIMENTS

Werepresent a linear system with a finite dynamic range by

y=5(4x), ®
where A is a system acquisition function, and S(*) is a non-
linear scalar saturation function

S(x)=sign(x)min{ x|, 77} 4)

applied element-wise to all the components of the input sig-
nal.

Instead of using a conventional least-squares fidelity crite-
rion, we enforce a one-sided quadratic penalty on saturated
measurements to ensure consistent image reconstruction.
More specifically, for the quadratic penalty, we use a cost
function

v An = %Zr?(y;, (Ax)), ©
A=y Inl <7 ®)
rilv, (A9) =4 (A0 =T) yiz+T

((Ax); +T)" y; =-T,

where (y)™=min(y, 0), (y)*=max(y, 0), and i indexes the real
and imaginary parts of the data separately. As an advantage,
the cost function penalizes inconsistent solutions, is simple to
optimize, and, due to its quadratic nature, reduces additive
noise before the saturation occurs.

Although minimizing the saturation-robust cost function in
Eqn. (5) often produces acceptable solutions, a signal model
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can also be used to further resolve the ambiguities inherent in
data saturation and quantization.

SAR Image Formation

Implementation of A and A¥

The cost function in Eqn. (5) can be minimized using a
variety of iterative optimization procedures. Most procedures
require repeated computation of the acquisition function A
and its adjoint A”. Efficient implementation of these func-
tions is especially important in SAR image reconstruction
because of the high dimensionality of the images.

To achieve efficiency, our embodiments are loosely based
on the Chirp Scaling Algorithm (CSA) described above.
Given that the CSA is an approximation to the pseudoinverse
AT, the acquisition function A, which can be used to repro-
duce the raw SAR data 209, has a block diagram, shown in
FIG. 2. This is essentially the reverse of the function for the
conventional CSA.

An azimuth fast Fourier transform (FFT) 210 is applied to
an input signal 201, followed by multiplying by an azimuth
frequency response H (R,.f,,) 220, a first chirp scaling 230, a
range FFT 240, multiplying by a range frequency response
P, AFwfr) 250, a range inverse FFT (FFT) 260, a second
chirp scaling 270 and an azimuth IFFT 280 to produce an
output signal 209, which is the raw SAR data.

It is understood that the above function can be imple-
mented in a processor 200 connected to a memory and input/
output interfaces as known in the art, or discrete hardware
components.

To implement the adjoint, which produces the SAR image,
we exploit the fact that the adjoint of a composition of func-
tions is the composition of the individual adjoints in reverse
order. The adjoint of the FFT is the IFFT, up to a scale factor,
and the adjoint of multiplication by a function is multiplica-
tion by the complex conjugate of the same function. Hence,
the adjoint has the same block diagram as the CSA with the
azimuth compression function replaced by azimuth fre-
quency response

H*Ro S,

where * indicates the complex conjugate. a signifies the azi-
muth response, R, the range of closest approach, and f, is the
azimuth frequency.

The range compression function is now the Fourier trans-
form

Pogf*(Fofn)s

where 2df signifies two-dimensional frequency domain, and
f. is range frequency.

We now describe our implementation of the acquisition
function A in greater detail. We assume that the image
includes a rectangular grid of point targets. We focus on the
response due to a single point target of unit amplitude.
Because the function A is shift-invariant in azimuth, we can
equivalently specify the response in the range-Doppler (range
time T, azimuth frequency £, ) domain. For a unit point target
at the range of closest approach R,, the range-Doppler
response is given approximately by

2Ro M
Hyy(7, fy) = Ha(Ro, fq)P(T DUy fq],

where rd signifies range-Doppler domain, H(R,f, ) is the
azimuth frequency response, p(t,f, ) is the transmitted pulse,
D(F,,) is the range migration factor, and ¢ is the speed of light.
The pulse p(t, f,,) is assumed to be a linear chirp and is a
function of f, in the range-Doppler domain.
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The response in Eqn. (7) is not shift-invariant in range
because of the presence of the range migration factor D(f)).
However, in the case of a linear chirp pulse, chirp scaling can
be used to approximate the range response in Eqn. (7) by
means of a convolution with a modified chirp preceded and
followed by multiplications with chirp scaling functions. The
convolution is implemented using the FFT as a multiplication
with the Fourier transform P, ,(F..f,,) 250, as shown in FIG.
2.

FIG. 2 shows that the complexity of computing the acqui-
sition function A is the same as that for the CSA FIG. 1. All of
the functions in FIG. 2 that are multiplied with the signal can
be pre-determined and stored for faster computation. In a
discrete-time implementation, care should be taken to use
sufficiently high sampling rates to represent H,(R,f,,) and
P, ¥, £y) with minimal aliasing.

Basic Optimization

We use a first-order gradient descent process to minimize
the cost function in Eqn. (5), as shown in FIG. 3. More
sophisticated second-order procedures can also be consid-
ered. This optimization starts with estimating 310 an initial
reconstruction X, which can be computed, for example, using
the CSA, or set to 0, or set arbitrarily.

During each iteration 360, a signal y is reproduced 320
using

y=4x,

and the reproduced signal is compared 330 to the input signal
to determine the residual vector r in Eqn. (6), and a total cost
using the quadratic penalty in Eqn. (5). To adjust 340 the
estimate, the gradient g corresponding to Eqn. (5) is com-
puted using

g=4"r,
where A and A? are determined as described above. Then, a

step of size r is taken in the direction opposite to the gradient
g, 1.e., the iterates are updated as

X<x-Tg,

until a termination condition 350 is reached.

The step size T is selected optimally through an exact line
search, which minimizes the function f(y, Ax) along a line
parallel to the negative gradient —g. This line search effi-
ciently optimizes a 1-D convex piecewise-quadratic function.

There are several possible termination conditions. For
example, the iterations might terminate if the change in the
reconstructed image estimate X is small, or the quadratic
penalty in Eqn (5) in the comparison step is small. The
method outputs the reconstructed image 370 when the termi-
nation condition is reached. The above steps can be per-
formed in a processor 300 connected to a memory and input/
output interfaces as known in the art.

Azimuth Ambiguity and Model Mismatch

Ambiguity in the azimuth frequency domain due to under-
sampling is an issue affecting many SAR image formation
procedures. The azimuth sampling rate, which is equal to the
pulse repetition frequency, is typically insufficient to accom-
modate the bandwidth of the azimuth response H, (R, f,)
and cannot be increased without decreasing the width of the
imaged region. The undersampling results in aliasing, which
manifests itself in the form of ghost images superimposed at
specific azimuth and range offsets. Recovery from aliasing is
difficult without additional information regarding the image.
It cannot be assumed, for example, that the image itself is
bandlimited.

In the basic method described above, mismatch between
the true acquisition system and the model used in the recon-
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struction poses an additional challenge. For example, the
azimuth response H, (R, f,,) depends on parameters such as
the length and weighting pattern of the antenna. The values of
these parameters cannot be known precisely, potentially lead-
ing to incorrect results. In particular, our experience suggests
that model mismatch tends to exaggerate the ghost images
caused by azimuth ambiguity. One method to reduce ghosting
is to filter the data, either non-adaptively, or adaptively in
space, to remove azimuth frequencies that are most affected
by aliasing. However, that approach can reduce the amount of
data available for reconstruction, and consequently, the reso-
Iution of the resulting image.

An alternative approach is to perform ghost removal at the
end of each iteration in the basic method above. We exploit
the ability to predict the locations of ghosts relative to the
corresponding true target based on knowledge of the SAR
parameters. In the first iteration of the method, image regions
that are likely to be dominant sources of ghosts are identified,
first by forming a low-resolution, ambiguity-free image, and
then comparing the local power between regions separated by
distances characteristic of ghosts. In subsequent iterations,
ghosts due to dominant sources are estimated by correlating
the current image with itself, one azimuth line at a time, and
then subtracting the estimates from the image. Restricting the
estimation and subtraction to dominant sources enables effi-
cient removal of ghosts.

In the context of inverse problems, our method can be
thought of as adding an explicit constraint to the reconstruc-
tion optimization problem in Eqn. (2), specifically on the
autocorrelation of the image at certain locations and shifts.
This is based on the premise that large autocorrelation values
should not occur in ghost-free images. An alternative incor-
porates such knowledge in the signal model term g(x).

Signal Models

Significant improvements in reconstruction accuracy can
be achieved by incorporating signal models in the reconstruc-
tion. In addition to the ghost reduction model described
above, natural images exhibit significant structure. The model
we impose is that the wavelet transform of the magnitude of
the SAR images is sparse. As defined herein, a sparse signal is
one where the number of non-zero values is substantially
smaller than the number of zero values.

We use soft thresholding in a manner similar to a fixed-
point continuation procedure for 1, minimization to impose
the model, see Hale et al., “Fixed-point continuation for
1,-minimization: methodology and convergence,” SIAM J.
Optim., vol. 19, no. 3, pp. 1107-1130, October 2008, incor-
porated herein by reference.

At the end of every iteration of our method, we transform
the image or its magnitude, perform sofi-thresholding, and
transform back. If only the magnitude of the image was
transformed, then we maintain the same phase. The motiva-
tion for this model is that the magnitude of the SAR image
looks similar to a natural image and is therefore compressible
using a wavelet transform. On the other hand, the phase of the
image, which depends on the variation in height of the fea-
tures being imaged and undergoes severe wrapping, does not
appear to offer structure that can be exploited in the recon-
struction.

EFFECT OF THE INVENTION

The embodiments of the invention formulate the recon-
struction of synthetic aperture radar (SAR) images as an
inverse problem. SAR is widely used in remote sensing to
obtain high-resolution, wide-area radar images using a rela-
tively small antenna. High resolution is made possible by
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exploiting the motion of the platform carrying the antenna,
usually a plane or satellite, to synthesize a much larger aper-
ture. The acquisition process in SAR involves transmitting
pulses at regular intervals as the platform moves and record-
ing the reflections to gain information about the reflectivity of
the surface below.

Although the invention has been described by way of
examples of preferred embodiments, it is to be understood
that various other adaptations and modifications may be made
within the spirit and scope of the invention. Therefore, it is the
object of the appended claims to cover all such variations and
modifications as come within the true spirit and scope of the
invention.

We claim:

1. Method for processing an input signal acquired by a
synthetic aperture radar (SAR) system, wherein the input
signal is saturated, the method comprising the steps of:

estimating an initial reconstruction that generated the input

signal;

reproducing the input signal from the reconstruction to

generate a reproduced signal;

comparing the reproduced signal with the input signal;

adjusting an estimated reconstruction based on the com-

parison;

applying an azimuth Fourier transform (FFT) to the input

signal;

applying a first chirp scaling to an output of the azimuth

FFT;

applying a range FFT to an output of the first chirp scaling;

multiplying an output of the range FFT by a range fre-

quency response;

applying a range inverse FFT (IFFT) to an output of the

range frequency response;

applying a second chirp scaling to an output of the range

IFFT,

multiplying an output of the second chirp scaling by an

azimuth frequency response;

applying an azimuth IFFT to an output of the azimuth

frequency response to form the reconstructed SAR
image; and

iterating from the reproducing step until a termination con-

dition is reached to form a reconstructed SAR image,
wherein the steps are performed in a processor.

2. The method in claim 1 in which the reproducing further
comprises the steps of:

applying an azimuth Fourier transform (FFT) to the input

signal;
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multiplying an output of the azimuth FFT by an azimuth

frequency response;

applying a first chirp scaling to an output of the azimuth

frequency response;

applying a range FFT to an output of the first chirp scaling;

multiplying an output of the range FFT by a range fre-

quency response;

applying a range inverse FFT (IFFT) to an output of the

range frequency response;

applying a second chirp scaling to an output of the range

IFFT; and

applying an azimuth IFFT to an output of the second chip

scaling to form raw SAR data.
3. The method of claim 1, in which the adjusting is accord-
ing to a signal model.
4. The method of claim 1, in which a signal model is
incorporated after the iterations terminate.
5. The methods of claim 3 or 4, wherein the signal model
imposes that a wavelet transform of the reconstructed SAR
images or a wavelet transform of a magnitude of the recon-
structed SAR image is sparse.
6. The methods of claim 5, further comprising:
transforming the reconstructed SAR image or the magni-
tude to produce transformation coefficients;

thresholding the transformation coefficients by setting
coefficients with values less than a threshold value to
zero; and

inverse transforming the thresholded coefficients to form

the reconstructed SAR image.

7. The method of claim 1, further comprising:

reducing ghost images.

8. The method of claim 7, in which reducing further com-
prises the steps of:

identifying locations of the ghost images; and

removing the ghost images from the locations.

9. The method of claim 7, in which reducing is applied
during the adjusting.

10. The method of claim 7, in which reducing is applied
after the iterating.

11. The method of claim 1 in which the comparing enforces
a saturation consistency.

12. The method of claim 1 in which adjusting is performed
using a gradient descent.

13. The method of claim 12 in which the gradient descent
uses a line search.



